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6. Stability of pseudorelativistic matter
Relativistic energy-momentum relation

E2 =cp+(ac

↓ pseudorellivistic Hamiltonian

=Ric +V

or better, relativistic kinetic
energy in quantum

cost?

cy, catamari) =(2nx)' +mic" (richslot
->le"(NY) space

Recall that, Soboler inequality
11 fll(as(RY =Ca, IIEsf II,a

for 25 and AENSCIRY. The relatistic

kinetic energy corresponds to the space it
" (*)

-) d> 1 =d =23,...

Since (c=1, m=1)

Ip1*om" - m=1p1 - m
itis enough to consider the ultra-relativistic



kinetic energy

Tr =(4, (p), y).

which by soboler satisfies:

to? Ily ller-s ↓?2.

Exercise

Assuming VEL"(1") + L*LIR") I show stability

ofmelctivistic matter in OC_2.

tion:
We follow the previous proofs. To this and

we need toestablish the Hilde inequality
for the potential parti

(NNGIde =(SIIS)* (SHPPLI
In

with it -I end 2B=
=>B =1 = =y =xc=d

D.

In order to deal with ol=1 we need

another sobster inequality for He(r.



Exercise

Let ftle"(RR). Show that

Cf,(p1f) +Hf? Sie lf? XqET2,a

Hint:follow the proofofISoboler inequality
Solution
-

We have If 2 +(filplf) =S(1+2a)(lastce
the rest ofthe proofis the same.

corvolary
Consider the pseudo-relativistic matter

in = 1. Then EoC-0 iP VELCH2)2* (R).
B

7 Eigenvalues of one-body Schrdinger88

Hamiltonious

Point spectrum ofan operator T:

up (T) =
=3 =GNCT): ker (T-z) +0s]

A member 26 Up (5) is called an eigenvalue
and any 0 Fu = ber (T-H is colle a

Corresponding) eigenvector.

Eigenvalue equation in QM H4=Ep.



Note that

E(4) =(414) =T +Y =E

ifit is an eigenvector corresponding to eigenvalue

E.Recoll we defined Es = inf E(d). One
1441= 1

can esk whether this ground state energy
is attainer.

Hm
-
- Let b=3. Assume VE2"(r) +L0(m)

and V venishes of infinity, i.e for all as

1 x=i Wx(<e)1 < so.

they, ofEoco, there is a unique function

to CH'CRS) with 1411-1 such ther

E(0) =Eo.

this to satisfies the equation

Hro = Es to in the sense of distributions.

a

we skip the proofas it is an exercise in

calculus of variations which is beyond the

scope ofthis course.

Asimilar statement allows to analyte excited States.



Define under the essumption that do....,to exist

E,:=inf3 SC4):TEtcm"), Will-1 out (1,401=0, =0,..,k-1)

We have an analogous statement

Im Let VE ("(IRS) +L* (12) andV venishes of1.

IP Ex 0 then th EHCR) with 114ull=1 exists

and solisfres
HYa =Extr.

Furthermore, each number En 40 can only occur

finitely many times in the list of eigenvales.

Conversely, and MEHLRS) Hot satisfies the En

for some ECO is a linear combination of

eigenfunctions to the eigenvalue E.

-

It turns out, that the eigenvalues En cannot

accumulate of any point that is stridy smaller

than zero.

Typical spectrum of a Schwinger operator

1 IE, """·Eo Jess (M) =[0,01



Finding eigenvalues as describedin the previous
the requires finding eigenfunctions. Might be

difficult?
Below we present a way to compute the

eigenvolves without the knowledge of eigenfunctions.

Theorem (Min-max principles
Let VEL" (1)+L*(*) and assume it venishes

of infity as in the previous statements.

Then the eigenvalues are also given by

Ec=mox minb (4): 4ut40...., %..,b
↓.... Par

and

Ek =min max 32(d):toe spend...... bul
do... di

where the maximum (respminimum extends over all

collections of K (resp.ktl) orthomormal

functions bjG H'(RO).

mrk:the assumptions on V quarantee that
·

the eigenvalues exist, see previous statements.

of Let Uz=mox
min dE(Pu):trdP0...., Pun3.

· &.,...,pla-s



choosing Do, ..., but to be the eigenfunctions

to .... tur, we immediately see that UIEK.

Conversely, for any choice to...., our

there is (as the sum below extends over 111

lineenly independentfunctions) always a

linear combination

f =294j (Ti-eigenfat.)
j=0

such thatI is normalized andde Go, ..,dur

then
Ef) =lEj Es igEs

j
=10

&

andconsequents
min3E(tu):Pedd...... Pud Ex

which implies On E.

) To prove the second identity, let

Un:=min max3 SCH:PCspend do.... Pull
d.ydr

choosing pos..., du to be the ergentiles you...the
we get that
I SEb.

Conversely, for any orthogond do...., by there is
k

Les beforea linear combination f =E8Ps
such that of normalized anda toss fas

then by definition of eigenvolves Elf) IEx
andhence Ub? Ev. ⑮



Covellery (monotonicity of eigenvales
Let VA, UI be two potentials satisfying

the essumptions, EA, EB the corresponding energy
functionals andE, E....., Es, ... the eigenvalue.
then if

VACY 1 VBCe) then [A(e) =EP(r)

--d tes E E k20.

Riesz means

Let itbe a self-adjoint operator. We define
A- by the functional calculus es eCA)

where e(t) =moxh - 1,04 =1-.

Clearly A_0.

In our application to Schrdinger operators
we know that I-D+V]- will correspond to

minus the projection onto the negative) eigenvalues.
In that case we define the Diese means

Tr A = (AD
j

where (A)11.(A)s ... is the enumeration of

those negative eigenvalues.


